We develop a general theory of the relation between quantum phase transitions (QPTs) characterized by nonanalyticities in the energy and bipartite entanglement. We derive a functional relation between the matrix elements of two-particle reduced density matrices and the eigenvalues of general two-body Hamiltonians of d-level systems. The ground state energy eigenvalue and its derivatives, whose nonanalyticity characterizes a QPT, are directly tied to bipartite entanglement measures. We show that firstorder QPTs are signaled by density matrix elements themselves and second-order QPTs by the first derivative of density matrix elements. Our general conclusions are illustrated via several quantum spin models. Recently, a great deal of effort has been devoted to the understanding of the connections between quantum information [1] and the theory of quantum critical phenomena [2] . A key novel observation is that quantum entanglement can play an important role in a quantum phase transition (QPT) [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] . In particular, for a number of spin systems, it has been shown that QPTs are signaled by a critical behavior of bipartite entanglement as measured, for instance, in terms of the concurrence [17] . For the case of second-order QPTs (2QPTs), the critical point was found to be associated with a singularity in the derivative of the ground state concurrence, as first illustrated, for the transverse field Ising chain, in Ref. [3] , and generalized in Refs. [4-6] (see Refs. [7] [8] [9] [10] [11] for an analysis in terms of other entanglement measures). In the case of first-order QPTs (1QPTs), discontinuities in the ground state concurrence were shown to detect the QPT [12 -14]. The studies conducted to date are based on the analysis of particular many-body models. Hence the general connection between bipartite entanglement and QPTs is not yet well understood. The aim of this work is to discuss, in a general framework, how bipartite entanglement can be related to a QPT characterized by nonanalyticities in the energy.
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Expectation values and the reduced density matrix.-The most general Hamiltonian of nonidentical particles, up to two-body interactions, reads (effectively T 0) [2] . Typically, such a change is induced as a parameter in the system Hamiltonian H is varied across a critical point c . Because they occur at T 0, QPTs are purely driven by quantum fluctuations. They are associated with level crossings which, in many cases, lead to the presence of nonanalyticities in the energy spectrum. We shall consider in this Letter only QPTs characterized by nonanalytic behavior in the derivatives of the ground state energy. For QPTs where this is not the case, see, e.g., Ref. [18] . Specifically, a 1QPT is characterized by a finite discontinuity in the first derivative of the ground state energy. A 2QPT (or continuous QPT) is similarly characterized by a finite discontinuity, or divergence, in the second derivative of the ground state energy, assuming the first derivative is continuous. These characterizations are the T 0 limits of the classical definition of the corresponding phase transitions, given in terms of the free energy [19] .
Assume that i and V ij are smooth functions of a set f k g of couplings. If j i is an eigenstate of the Hamiltonian, then, using
where E E=N. It follows immediately from Eq. (3) that
The origin of a 1QPT can now be seen to be the discontinuity of one or more of the ij 's at the critical point. The second derivative, obtained directly from Eq. (3), reads
Since Uij is a smooth function of f k g and ij is finite at the critical point c ; it can now similarly be seen that the origin of the discontinuity or singularity of @ 2 E ij =@ 2 is due to the fact that one or more of the @ ij =@'s diverge at the critical point.
QPTs from bipartite entanglement.-In order to discuss the role of bipartite entanglement in a QPT we need appropriate entanglement measures M ij : monotonic functions ranging from 0 (no entanglement) to 1 (maximal entanglement), invariant under local operations and classical communication [1] . We consider two such measures: (i) concurrence [17] :
; 0, where the ij are the square roots, in decreasing order, of the eigenvalues of the operator R ij ij y y ij y y , where ij denotes a complex conjugation of ij in the standard basis fj00i; j01i; j10i; j11ig; (ii) negativity [20] It is now a simple matter to connect these measures to the appearance of a QPT. From Eq. (2) Conditions (a)-(c) above are meant to exclude artificial/ accidental occurrences of nonanalyticity. They are meant to emphasize that the entanglement-QPT connection may directly come from the ground state reduced density matrix.
Proof: 1QPT: If condition (a) is satisfied then a 1QPT must come from the discontinuity of one (or more) matrix elements of ij , as given by Eq. (3). Thus, taking into account condition (b), the 1QPT will be associated to a discontinuity in the concurrence or negativity, which is therefore a necessary condition for the 1QPT. Sufficiency: (i) Concurrence -taking into account condition (a), if one (or more) of the eigenvalues ij of R ij is discontinuous then one (or more) of the matrix elements of ij must be discontinuous. Assuming condition (c), a 1QPT then follows from Eq. 
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250404-2 divergence of one (or more) @ ij =@, since all the ij are assumed to be continuous for the case of a 2QPT. Thus, taking into account condition (b), the 2QPT will be associated with a discontinuity in or divergence of the first derivative of the concurrence or negativity, which is therefore a necessary condition for the 2QPT. Fig. 1) . Therefore @M ij =@ should have similar divergent properties to the second derivative of energy. This is indeed the behavior observed for the transverse field Ising model in Ref. [3] . (3) Examples exist wherein the max/min evaluations required by the definition of bipartite entanglement measures generate a singularity related to the derivative of these measures, without an associated QPT [21] ; condition (a) of our Theorem excludes such (artificial) singularities. Moreover max/min can also eliminate singularities, a possibility which is excluded from consideration through condition (c). Next we consider examples to illustrate our general formalism.
Frustrated two-leg spin-1=2 ladder.-The Hamiltonian for this model is H
, whereS i is the spin operator vector at site i, the exchange interaction along the rungs is J ij J R , and both the intrachain nearest-neighbor and diagonal exchange interactions are J ij J. We further assume J R > J, with 1:401 [12] . This model is exactly solvable and exhibits 1QPTs for h c 1 J R and h c 2 J R 2J. An analysis of pairwise entanglement for this model can be found in Ref. [12] . For h < h c 1 , and in the limit N ! 1, the ground state is a tensor product of (entangled) singlets, j01i ÿ j10i= 2 p , along the rungs. When h c 1 < h < h c 2 , the ground state consists of rungs which are alternately in singlet and (unentangled) S z 1 triplet spin configurations, j00i. For h > h c 2 , the ground state is a tensor product of all rungs in the S z 1 triplet state. The density matrix elements of the rungs are characterized by the following step-function discontinuities at the two critical points: 1; h h c i ; (6) where r i , with i 1; 2, denotes rungs that transition to the S z 1 configuration at the critical point h c i . All other density matrix elements for the rungs vanish. The ground state of the system is twofold degenerate when h c 1 h < h c 2 . The density operator for a rung is then represented by a statistical mixture of the broken-symmetry states r 1 and r 2 , with equal probabilities. Indeed, for a general value of h, we can write the rung density matrix as r r 1 r 2 =2. Below h c 2 , the ground state energy is given by the sum of the energies of each rung, due to the fact that all couplings proportional to J vanish when acting on a singlet. Using Eq. (2) the energy density can be then written, for h < h c 2 , as E The same discontinuous behavior is immediately revealed in the bipartite entanglement of the spins sharing a rung. For these pairs a direct calculation shows that the negativity and concurrence (which here turn out to be equal) read N C 1 ÿ r 11 1 ÿ 11 , which, therefore, are discontinuous functions at both h h c 1 and h h c 2 . We thus find the remarkably simple result @E=@h N ÿ 1=2, which can also be seen as a general consequence of Eq. (5). This expression exemplifies how entanglement directly detects a 1QPT.
Permutation invariance and the transverse field Ising chain.-We consider now the case of Hamiltonians whose ground states are invariant under a permutation P ik of an arbitrary pair i; k of spins. In this case P ik j i j i so that j ih j P ki P lj j ih jP lj P ki . Therefore, from the general expression for the two-spin reduced density opera- 17 DECEMBER 2004 250404-3
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kl . If only a constant nearest-neighbor interaction is taken into account, then Ui; i 1 Uj; j 1 U 8i; j. Then, denoting i;i1 j;j1 8i; j, we have E TrU. As a specific example, consider the transverse field Ising chain with constant nearest-neighbor interactions, whose Hamiltonian is
where N is the number of spins along the chain, i are the Pauli operators for a spin at site i, and we use periodic boundary conditions. Setting J 1, we obtain from Eq. (2) that E ÿh j z j i ÿ 2 14 23 , where the site-independent ground state expectation value of z is h j z j i 11 ÿ 44 . This model presents a 2QPT at c 1 [2] . This can be identified within our framework by taking the second derivative of E, yielding
where we used P ij TrUij@ ij =@ 0 and Tr 1. We have calculated the ij using the standard method of fermionization and a Bogoliubov transformation [2] . At the critical point c , Eq. (7) displays a divergence in the limit of an infinite chain. This 2QPT originates from the singular behavior of @ 22 and @ 44 , as shown in Fig. 1 . It is clear from this figure that @ 22 is dominantly responsible for the divergence. Now, concerning the ground state nearest-neighbor bipartite entanglement, the global -rotation invariance of the model about the spin z axis (Z 2 symmetry) and a detailed computation of the density matrix elements leads to C N 2 41 ÿ 22 . As shown in Ref. [22] , the concurrence in this case is not modified by spontaneous symmetry breaking. In the limit N ! 1, @C=@j c is logarithmically divergent [3] . This result is here seen to be a direct consequence of the singular behavior of @ 22 , just as in the second derivative of energy, since @ 41 is a smooth function of . Therefore @ 2 E=@ 2 and @C=@ exhibit similar critical behavior through their dependence upon @ 22 =@, whose finite-size scaling is shown in Fig. 2 . The conclusion of [3] , that the concurrence detects the phase transition in the Ising model, is thus simply explained within our framework.
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